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Abstract. The spectrum of the boundary problems related to the double confluent case of
Heun’s differential equation is studied numerically and by means of asymptotic methods. The
calculation is based on an application of the central two-point connection problem for this
equation using Jadf expansions and Birkhoff sets of irregular difference equations of Péncar
Perron type. The numerical evaluation based on this approach is compared with results of
asymptotic calculations showing several quite interesting features of the eigenvalue curves and
of the solution of the equation itself.

1. Introduction

The double confluent Heun equation (DHE) originates from the Heun equation—the
Fuchsian equation with four singularities—by means of a confluence process when two
regular singularities coalesce pair-wise into an irregular one [8]. From the analytical and
the numerical side the solutions of the DHE exhibit very specific features that make them
useful in some specific physical problems as for instance in gravitational theory [5]. More
precisely, in the case of the DHE there are no convergent Frobenius solutions since there
are no regular singularities as is normally the case for other special functions. Moreover,
the DHE has a rather specific structure of Stokes lines and Stokes domains [7].

In this paper—after a discussion of the differential equation, its generalized Riemann
scheme, some basic forms and simple transformations—we give an asymptotic study
resulting in the eigenfunctions and eigenvalues which arise in the central two-point
connection problem of the two singularities along the real axis. Thereafter, we propose
a numeric procedure for computing the eigenvalues. It is based on an extensionéof Jaff
expansions introduced by Lay [5] and on an algorithm and programming code developed
by Bay et al [2]. Moreover, we emphasize polynomial solutions which appear at certain
restrictions. Either of the two presented approaches give numerical results that are in good
agreement with one another.

2. Forms of equations

The canonical form of the double confluent Heun equation (DHE) reads (see [10])
d? d
72 y(zz) +(—zz+cz+t)&+(—az+)»)y(z) =0 zeC. Q)
dz dx
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Here, ¢, a are local parameters defining the behaviour of the solutions at the irregular
singularities located af = 0, z = oo; t is a scaling parameter defining the location of the
turning points. The parameteris the so-called accessory parameter.

The behaviour of the solutions at the singularities is exposed in the corresponding
generalized Riemann scheme [11]

2 2
0 00 ;2
0 a P A
2—c c—a )
0 0
t 1

In the first row of the generalized Riemann scheme the s-ranks [10] of the singularities are
exhibited. In the second row the locations of the singularities are exposed and in the further
rows the characteristic exponents of the solutions are written. According to the values of
these characteristic exponents there exist two pairs of local solutions at the singularities of
(1) that behave as
vi@,c;z=0,2 =11+01)  yaa,c;z=02) =z" € (1+0(1)

asz —> 40
yi(a,c;z=00,2) =z “(1+0(1)) y2(a,c;z =00,z) = € (14 0(1))

asz — +oo.

®)

Although equation (1) is not written in a self-adjoint form the corresponding singular
boundary-eigenvalue problem definedrat O, z € [0, oo[ can be posed by the boundary
conditions

ly(0)] < oo €/%y(2) = .00 0 4

the parametek playing the role of the eigenvalue parameter.

From (3) it is clear that the eigensolutions of the boundary problem (1)-(4) are
proportional toyi(a,c;z = 0,z) at zero and are proportional tg(a, c; z = oo, z) at
infinity. It also follows the necessary condition for an eigensolution to be a polynomial as

a=-n n=0,1,.... (5)

Beyond the canonical form other forms of the double confluent equation may be
appropriate. First, we carry out a transformation to a more reasonable scaling of the
independent variable when the transition points appear at finite distances:

t > 12 2> 1z A 1A (6)
o? d
i dyZ(ZZ) + (cz —t(z% = 1))% +t(—az+1)y) =0. ™

Taking 7(z?> — 1) as the leading term in equation (7) at large values ofe may see that
the transition points are located at= 0, z = —1, z = 1, z = oo. This is even better seen
from the normal form of the DHE

d?w(z) c cy 1 (z% = 1)? ~
2 . R Tl YA —
ST +<’[(2 a)e+ (1 2)2] S )w“’\w 0 ®
which follows from (7) by means of the substitution

=2z

1 ‘ - -2
y(@) = exp[; (Z + Z)]Z_Zw(Z) A=A — c(c4t ). )
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For studying boundary-eigenvalue problems the self-adjoint form of the DHE is used
conventionally

d [ ,dv(2) c cy 1 , (2% — 1)? =
d_Z<Zd_Z + |t (E—G)Z‘i‘(l—é)z —l‘4—22 U+[)LU—0 (10)
where

w(z) = zv(2). (11)

We introduce new parameters
a ' =a-1 =S (12)
2
In terms of these parameters equation (8) is rewritten as
d2 ,2 — 12 1— '2 -
22 w@) _ t2u ti(az+===% w+tAw = 0. (13)
dz2 472 z

Equation (13) does not change under the simultaneous substitutions

7> —2 a — —d - —c. (14)

This means that if we have studied the boundary-eigenvalue problem on the positive
real half-axis it is no more necessary to study it on the negative real half-axis since the
corresponding eigenvalugs are obtained from the eigenvalues of the boundary-eigenvalue
problem on the positive half-axis™ with the help of the following formula:

A, ) =rt(=d, =¢c). (15)
The forms (8), (10), (13) of the DHE are appropriate for studying asymptotic expansions.
Another form of the DHE is needed in order to perform the numeric algorithm. First,

we make the term-arz vanishing in equation (6) by substituting for the new dependent
variable

y(@) =z —D"u(2). (16)
The corresponding equation for the functie(x) reads
du(z) 2az2\ du(z) acz ala +1Dz% -
2 2
_ o/ ) 2 —ta — A)u=0.
C a2 +< et z—l—l) d +( R 1 >” 0
17)

Equation (17) has the advantage that the required solution has finite limits at both endpoints
of the relevant interval [Ox].
The next step is the transformation to a new independent vargable

(18)

in which the points of the complexplane convert into the points of the complgxplane
according to

&= -1 O~ —1 1~ 0 o1

and the original relevant interval [Bo[ converts into the interval -{1,1]. This
transformation leads to the equation

d?u ()
dg2

d
b (—81E — 21— E))c + (a + DL+ sm%

HA+8)[ala + DA+ &) — 2ac] — 4ta + 4t)}u(E) = 0. (19)

(1—£2)2
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2 -1 0 1 Re(z) Figure 1. The Stokes set in the complexplane.
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2 -1 0 1 Re(i) Figure 2. The Stokes set in the compléxplane.

3. Asymptotic study

Here, methods valid in the case of ‘close’ turning points and described in the book [9] are
used.

The ‘potential’ related to equations (8), (10), (13) has the shape of two potential wells
separated by an irregular singularity at zero.

The Stokes lines defined by

sﬁl@—z—;)dz:O (20)
comprise the real axis and the unit circle. The anti-Stokes lines defined by
9%/Z<}—i>dz=0 (21)
+1\2 272
and represented in polar coordinate® on thez-plane are
1+ sin(p)
r(p) = “cosg) (22)

Stokes as well as anti-Stokes lines on theas well as on the&-plane are sketched in
figures 1 and 2.

We look for asymptotic solutions, (z) of the posed boundary problem (13), (4) in the
form

w,(z) = eXD( —t f sz, t)dz) (23)
1
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where the new semiclassical variablé&, 1) and the eigenvalueﬁn(t) are expanded in
reciprocal powers of:

sn(z. ) =) su(t™* (24)
k=0
() =Y hla, ). (25)
k=0

It is important to stress that in any approximation when a finite number of terms is taken into
account the function on the right-hand side of (23) is single valued. This is a consequence
of the quantization condition discussed below.

The quantization condition for the low-lying eigenvalues is given by [3]

—1 Res'Z:lsn (ta Z) =n (26)
wheres, (z, z) is obtained from an asymptotic expansion (24) by recursion processes of
2 2 2
22 (Z _1) 1 dS(Z) 2 , /1—Z ~
-t - ——z"—dz - A)=0. 27
7%s e G ¢ TaimdT—+ (27)
The two first terms of the expansion (24) are
2 / 1 ’
z2—=1 c a+1—»Xxo d+14+x o0
o= n=—=+ - . 28
0= T T T - 20+ 1) (28)
The guantization condition (26) gives
Ao=2n+a +1. (29)

The computation of,,, is rather tiresome and we only give the final result for the correction
term to the eigenvalues

Ai=gn(n+d +1)—3@+D@+2+2+a —). (30)

It is significant and important to realize that the representation (23) is valid all over
the complexz-plane without adding another exponential term. The proof follows from
the general theory of the Stokes phenomenon as is exhibited in [7]. In this sense the
eigenfunctions reveal no Stokes phenomenon. This differs from the behaviour of the
eigenfunctions of the other confluent cases of Heun’s equations!

The eigenvalues of the boundary-eigenvalue problem on the negative half-axis are
obtained by means of the symmetry relation (15). In [12] it has been found that every
confluent case belonging to the Heun class, with the exception of the DHE, exhibits
the phenomenon of avoided crossings of eigenvalues related to two different potential
wells. In the case of DHE we have no phenomenon of avoided crossings but actual
crossings of eigenvalue curves which happen approximately at integer valaés iis
does not contradict the theory which forbids degeneration of the eigenfunctions since
these eigenfunctions relate to completely disconnected boundary-eigenvalue problems. The
numeric study of this phenomenon is given below.

The values ofs anda’ at which crossings of eigenvalues occur reveal the following
very specific feature of the Stokes phenomenon: at these points the eigenfungtians
andy; (z) related correspondingly to central two-point connection problems on the left and
on the right half-axis of the real axis can be taken as asymptotic basis and in this basis the
Stokes matrix is trivial (i.e. it is diagonal without mixing matrix elements). As far as the
authors know DHE is the only example of such a behaviour.
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It is interesting to mention that at
ad=-n-1

polynomial eigenfunctions appear for which the formula for the eigenvalues simplifies to
1 1 ’ ’ -2
A,,:n—l—? —Zn(n—l)—l—c(l—n—c) + O™ ). (32)

The polynomial solutions cannot arise at crossing points since this would lead to a reduction
of the two linearly independent solutions to a unique solution and thus to a degeneration of
the fundamental system of the differential equation.

4. Numerical algorithm

The numerical calculation of the eigenvalues and the eigenfunctions within the theory

of central two-point connection problems has been extensively exhibited elsewhere (see

[1,2,4-6,13]). Therefore, we may restrict ourselves in the following to a brief account.
The relevant solution of (19) may be expanded in a convergent series &abkoQt

k=00
u@ =y au&t. (32)
k=0

The coefficients of (32) obey a fourth-order difference equation of P@r&rron type
with an initial condition:

g-1=82=0

go, g1 arbitrary

292+ 2(c—a—1)g1+ (4(tr —ta) +ala+ 1) — 2ca)go =0
6gz3+4(c—a—Dg+{-8 —2(a+1) +4@r —ta)+ala+ 1) — 2calgr

+2(a(a+1) —ca)go=0 (33)
az B2 a; B a0 Bo
14224172 S o401
( +k+k2>gk+2+<k+k2>8k+1+< +k+k2>gk
a1 B ap B2
— 4+ — _ 1+ —4 — _»>,=0 k>2
+<k +k2)gk1+(+k +k2)gk2

The coefficients in (33) are given by

o =3 Br =2

a1 =2(c—a—-1), pr1:=2c—a-1)

g = —8t —2a Bo: =4\ —ta)+ala+1) — 2ca
a1 =—-2c—a-1) B1:=—2a—-D(c—a-1)
a_p:=2a—3 B_oi=(a—D(a—-2

and its Birkhoff set [5, 13] is

Cﬂ’l Cm
1+k—22+...] m=123.4 (34)
2

sm(k) = o, eXp(J/mk%)k”" [1 +

k3
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with

om=1 m=12

om=-1 m=3,4

ym=(-D"V8  m=1234

) (35)

r1=r2=—1+a—§

C

r3 =rq = —2 — 5

The general solution of (33) may be put asymptotically in the form
4
&~ Y Lysn(k) (36)
m=1

with arbitrary coefficientd.; being dependent on all parameters of the differential equation
except the index.

The series (32) have to convergeéat +1 for A being an eigenvalug = ,. Then,
it necessarily follows that in this case the asymptotic behaviour of the coeffigigmimist
be described by the exponentially decreasing Birkhoff solutions in (34), (36). This leads to
the eigenvalue conditions (see [13])

Lo(hit,a,c)=La(h;t,d,c)=0. (37)

The consequence of the two eigenvalue conditions in (37) is a set of two eigenvalue
parametersa; g1) while go in (33) may be normalized to unity without loss of generality.
Thus, g1 in (32) plays the role of a second eigenvalue parameter. As a result of our procedure
we have to look for a null-dimensional s@t,; g1,) in a two-parameter spadg; g1). In the
following we exhibit how to convert this problem into an appropriate numerical procedure.

As a first step we solve the difference equation (33) Imaekward recursioras outlined
in [13]. Using the initial conditions

(G @ _ o _ O _
gvo1=1 8y =8nvi1=8n42=0

for a sufficiently large valueN we calculate the coefficientg(f{, g(fg representing an
exponentiallydecreasingparticular solution of (33) ag — oo (because of numerical
instabilities).

A second linear independent particular solutgﬁf; k=N,N—-1,...,2,1,0 of (33)
calculated according to the above-mentioned procedure but which is obtained by starting
with a linearly independent initial condition:

@ @ @) @)
8v-1=0 gy =1 8vi1=8n+2=0.
The general solution of (33) consisting of the particular ogigsand ¢ is given by
g-1=K, girl—Kz gzl g-2=K; g£2+K2 832
with two arbitrary andk-independent constanfs;, K.
The eigenvalue conditions (37) are converted into

g-1=8-2=0. (38)
The condition (38) is then held by
@ @
detA = ( @ (5) =0. (39)
8.2 8o

Calculating this determinant by a variation kf an eigenvalue is given by its zeros that is
indicated by a change of its sign. This zero-condition for the eigenvalue may be detected
by a Newton algorithm in the numerical calculations.
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5. Results

It is clear that we may consider two relevant intervals of the original equatiennamely
the positive (denoted by) and the negative (denoted by) real half-axis. According to
our symmetry considerations we get two sorts of eigenvalue curves in-thg-coordinate
systems for fixed values of ¢’ having thei-coordinate as their symmetry axis.

As can be seen from the difference equation (33) the five-term recurrence relation
reduces to a three-term recurrence relation# a+1 or¢’ = “7 respectively. In this case
there is a decoupling between the even and the odd vajues (33).

If we interpret the differential equation as a Satlinger one its potential has the form
of a double well the two wells of which are separated by an irregular singularity and thus
is the simplest potential that models the suppression of tunnelling fluxes from one well to
the neighbouring one. The parametein this case is governing the asymmetry between
the two wells. If the value of the parameteexceeds a certain threshold (dependent on the
other parameters) there appear eigenvalues lying lower than the minimum of the higher well.
It should be mentioned that the corresponding eigenfunctions are generalized polynomials.

In the following we give some examples of our numerical calculations of the nontrivial
eigenvalues and eigenfunctions of the double confluent case of Heun'’s differential equation
comparing them with the results of the asymptotics.

Figure 3 shows the behaviour of the determinant (39) in dependence on the eigenvalue
parametei. The zeros of this curve give rise to the eigenvalues as indicated. In figures 4-6
we exhibit the six lowest-lying eigenvalue cunies-a’ for ¢/ = 0 and forr = 1, ¢ = 3, and
t = 10. The ground state is denoted 0 and the excited states are counted according to their

1x10%

< i 7, i

=0 / [ j

o

1x10°

0 2 4 6 8 ~  Figure 3. The function dett(}) for r = 1,4’ =
0.5,¢ =0, N = 100.

A 5

T T Figure 4. Asymptotic calculation of eigenvalue-

-4 -2 0 2 a'  curves (=10¢ =0).
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A
n
5, 5

5 4, 4

3, 3

2, 2.

v ~
0+ 1. 1

/ 0, 0, \

T T ,  Figure 5. Numeric calculation of eigenvalue-curves
-4 -2 0 2 a  (¢=10¢=0).

Figure 6. Numeric calculation of eigenvalue-curves
(t=3, = 0).

Figure 7. Numeric calculation of eigenvalue-curvesFigure 8. Comparison between asymptotic and numeric
t=1c=0). calculation in dependence offor ' = 0.5, ¢/ = 0.

numbern. The central two-point connection problem on the negative half-axis is denoted
by — and on the positive half-axis is denoted ¥y Figure 7 gives the same curves with

the same parameters as figure 6 but as they result from the asymptotic calculation. Thus,
it should be compared with figure 6. Figure 8 gives a comparison between the asymptotic
calculation for large values afand the numerical ones in dependence or fixed values

of @’ = 0.5, ¢ = 0 for the three lowest-lying eigenvalues.
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6. Conclusion

The double confluent case of Heun’s differential equation exhibits several peculiarities: the
differential equation has two irregular singularities the s-ranks of both of which is 2. When
being placed at the origin and at infinity the differential equation becomes symmetrical
with respect to inversion at certain restrictions on the parameters. The generalized Jaff
transformation creates an additional regular singularity at infinity. Such a form is appropriate
for solving the central two-point connection problems on the positive as well as on the
negative half-axis. The coefficients of the &aéfxpansions obey an irregular fourth-order
difference equation of the Poiné&#Perron type. We have shown that the exact eigenvalue-
condition for these boundary-eigenvalue problems may be obtained from the Birkhoff set
of this difference equation. Moreover, we elaborated a numerical procedure from which
we obtained the eigenvalues in dependence on the parameters. It is well understandable
but still important to stress that there is no effect of avoided crossing of the eigenvalues
in dependence on the asymmetry parameter since—spoken in physical terms—not only the
infinite but also the finite singularity is irregular and thus suppresses quantum tunnelling
fluxes.

The results of the calculations are compared with an asymptotic investigation of the
two-point connection problem. The latter is based on a quantization condition that was
developed by SYuS. As is shown graphically even the lowest asymptotic order is in good
agreement with the numerical results for values of the large parameter well below 10. In the
double confluent case of Heun’s differential equation the eigenfunctions reveal no Stokes
phenomenon on the entire complex plane of the argument in the sense that at Stokes lines no
other asymptotic solution is added to the existing one. As far as we know this has not been
discovered before neither for this, nor for any other equation, beyond the hypergeometric
class of equations.

Besides the above-mentioned symmetry we discovered another one that occurs with
respect to two of the three parameters. As a result the eigenvalue curves of the central
two-point connection problems on the positive and on the negative half-axis in dependence
on the asymmetry parameter become symmetrical with respect to the energy-parameter axis.

Eventually, we discovered a finite set of generalized polynomial solutions for certain
combinations of the parameters. These polynomials are not contained within the set of
classical orthogonal polynomials and thus do not seem to be known as yet.
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